Abstract. In this paper we investigate some properties of quotient structured spaces. The notion of a structured space was originally considered by Mostow [2] . Some foundations of structured spaces with applications to relativistic physics are presented in [1] .
Introduction
Let M be a topological space with the topology τ M . The sheaf C of real functions on M is said to be a differential structure on M if, for any open set U ∈ τ M and any functions f 1 , . . . , f n ∈ C(U ), ω ∈ C ∞ (R n ),
where C(U ) denotes the set of all cross-sections of C over U. For a topological space M and differential structure C on M , the pair (M, C) is said to be a structured space [1] . Let D be a presheaf on a topological space (M, τ ). For any open set U ∈ τ, a function f : U → R is a local D-function on M, if for any point p ∈ M there exists a neighbourhood V of p and a cross-section g ∈ D(V ), such that f |U ∩ V = g|U ∩ V.
The presheaf of local D-function on M will be denoted by D + . It can be easily seen that D + is a sheaf on (M, τ ), and that this sheaf is isomorphic with the sheaf associated with the presheaf D.
For any p ∈ M , let C p be the set of all germs at p of sections of the sheaf C. The set C p with the natural operations of addition and multiplication is an algebra over R.
for any U ∈ τ N and any section α ∈ D(U ). In such a case we will write
If F : (M, C) → (N, D) then, for any point p ∈ M and a vector v ∈ T p M the mapping
is a tangent vector to (N, D) at F (p), where F * g is the pull-back of the germ g by the mapping F . Let T M = ⊕ p∈M T p M be the disjoint sum of tangent spaces and let π : T M → M be the projection of the tangent vector v to its attachment point π (v) . There exists the smalest differentiable structure T C on T M such that the projection π is smooth [1] . The triple (T M, π, M ) is called the tangent bundle to the structured space (M, C).
Any cross-section
X : (M, C) → (T M, T C),
i.e. any smooth mapping X : M → T M such that π • X = id M , is said to be a smooth tangent vector field to (M, C). The set of all smooth vector fields tangent to (M, C) will be denoted by X (M ).
A vector field X ∈ X (M ) is called tangent to a subset A of M if for any point p ∈ M , there exists a vector v ∈ T p A such that
For any vector field X tangent to a subset A of M , there exists a unique vector field X|A ∈ X (M ), called the restriction of X to A, such that
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For any X, Y ∈ X (M ) the commutator of X and Y satisfies the condition:
for any cross section f ∈ C(U ).
Let (M ,C) and (N ,D) be the structured spaces. The topologies of the spaces M i N will be denoted by τ M and τ N respectively. Let us consider a presheaf F on the Cartesian product
Let C×D be the differential structure onto (M ×N, τ M ×τ N ) generated by the presheaf F i.e. C ×D := (scF) + . The structured space (M ×N, C ×D) is said to be the Cartesian product of structures spaces (M, C) and (N, D) [1] .
For any vector field X ∈ X (M ) we define a lift X ∈ X (M × N ) by the formula
For any vector field
, where M is a non-empty set and C a family of real valued functions, such that
(ii) any local C-function belongs to C, where C is a presheaf of the form C(U ) = C|U, for U ∈ τ C with τ C being the weakest topology on M in which the functions of C are continous.
Any differential space (M, C) can be interpreted as a structured space (M, C + ). And, on the other hand, for any structured space (M, C) the pair (M, C(M )) is a differential space, where C(M ) is the set of all global cross-sections of the sheaf C. The topology τ C(M ) is, in general, weaker than τ . It can be shown that τ = τ C(M ) if and only if, for any U ∈ τ and any point p ∈ U, there exists a function, called bump function, such that Φ(p) = 1 and Φ|M − U = 0 [1].
The quotient structured spaces
Let (M, C) be a structured space, and ρ ⊂ M ×M an equivalence relation in M . For any open and saturated set U let C ρ (U ) be the set of all ρ-consistent functions from C(U ).
By definition,
Let M/ρ be the quotient space and π ρ : M → M/ρ be the projection of an element x ∈ M onto its equivalence class [x] .
For any open set V in the quotient topology τ /ρ let
There one-to-one corespondence between the topology τ ρ of ρ-consistent open sets and the quotient topology τ /ρ given by
) is given by the formula:
Lemma 2.1. Let ρ be an equivalent relation on (M, C). For any point p ∈ M, the germ algebras (C ρ ) p and (C/ρ) [p] are isomorphic.
The mapping
is the isomorphism of tangent spaces. 
In the sequel, by X ρ (M, C) we will denote the set of all ρ-consistent vector fields tangent to (M, C).
From definition,
(⇐) Proof is evident.
Let us notice that every ρ-consistent vector field X is projectable onto the quotient space (M/ρ, C/ρ).
For any vector field X ∈ X ρ (M ) we denote
by the formula:
X is a smooth vector field tangent to the quotient space (M/ρ, C/ρ).
The vector field X is the projection of X ∈ X ρ (M ) onto (M/ρ, C/ρ) and it will be denote by (π ρ ) * X.
Let X 0 ρ (M, C) be the set of all ρ-consistent vector fields which are projected onto the zero vector field.
Two vector fields X 1 , X 2 ∈ X (M, C) are equivalent iff
. Two equivalent vector fields project onto the same vector field. In fact
The quotient module
for any p ∈ M , then X is ρ-consistent and its projection X = 0.
Now we describe differential forms on the quotient space. Let us denote by A k (M, C) the set of smooth global skew-symetric kforms on (M, C).
is isomorphism of tangent spaces for every p ∈ M , the mapping π * ρ given by the formula
Analougously,
, where I ∈ N k is a finite set of indices.
Now we consider ρ-consistent differential forms on (M, C) which are the pull-back π * ρ (A k (M/ρ, C/ρ)) by the smooth mapping
It is easy to observe equality
where
is the smooth identity mapping. Of course the forms from π * ρ (A k (M/ρ, C/ρ)) are naturally degenerated. Let us notice that for any 1- 
More generally, let
One can easily see that for any ω ∈ π * ρ (A k (M/ρ, C/ρ)), we have ω|L k = 0. Now we will consider global k-forms.
The set of all ρ-consistent global k-forms we will denote by Ω k ρ (M, C).
by the formula
Global k-form ω is the projection of ω onto the quotient space
It is easy to see that for any
is called projectable (basic [4] ), if the form ω is ρ-consistent and the next condition is satisfied
The set of all projectable global differential k-form we will denote by
Let us note two definitions.
From this we can see that, if any connection ∇ :
is projectable, then a curvature tensor and torsion tensor of connection ∇ are projectable. Now we will present some special case of equivalent relation. 
where Φ V is a diffeomorphism satisfying the condition:
ρ (y) → {y} × F is bijection. Now we will present some properties of the regular equivalence relation.
Lemma 2.6. A vector v ∈ T p (M, C) is tangent to the equivalence class
is an isomorphism of tangent spaces. Of course, (π ρ ) * p v is tangent to the fiber {Φ V (p)} × F and in a consequence vector v is tangent to [p].
Let Ψ be a distribution of vertical vectors on (M, C) given by the formula
The distribution Ψ is smooth if (F, F) is a structured space of constant differential dimension.
Lemma 2.7. Let ρ be a regular equivalent relation in a structured space (M, C). Then for any p ∈ M there exists q ∈ F such that
Because ρ is a regular equivalent relation then there exists a diffeomorphism
Space-time as a quotient space
Let E be a differential space such that dimE = m, and ρ be a F−regular relation on E with the differential space F , such that dimF=k. Let M be a quotient space, π : E → M be a projection of an element x ∈ E onto its equivalence class [x] ( [3] ).
Let we consider 2-form on E g :
Let us consider, for the tensor g, the preconnection ∇ * given by the Koszul formula
for any X, Y, Z ∈ X ρ (E).
We can see that the preconnection
We will prove the following lemma:
is projectable on M := E/ρ, then the preconnection ∇ * , its curvature tensor and its torsion tensor are projectable.
P r o o f. Let tensor g be projectable. Then from condition (2) and Definition 2.6 we see that
, so preconnection ∇ * is projectable. Analogously we can prove that the curvature tensor and torsion tensor are projectable.
Let we see that the mapping Φ g : X (E) → Ω 1 (E) given by the formula
is projectable, so we have
ρ (E). From (2) it follows, that a tensor g projects onto a tensor
Correctness of this formula follows from fact, that if
X 1 , X 2 ∈ X ρ (E) then [X 1 ] = [X 2 ], and X 1 − X 2 ∈ X 0 ρ (E). So g(X 1 − X 2 , Y ) = 0 or g(X 1 , Y ) = g(X 2 , Y ).
From (3) it follows that 2-form g is nondegenerated in
and X ∈ X 0 ρ (E), so [X] = 0. One can see the equality
given by the formula
is an isomorphism. Really, the quotient module has a local basis
For any projectable tensor A :
The projection of the torsion tensor
and the projection of the curvature tensor
The preconnection
is projectable, this means
(∇ * X Y )(Z) = 0, if at least one of the vector fields X, Y, Z belongs to X 0 ρ (E). For any projectable preconnection ∇ * we can define its projection
. Now we consider a differential space of constant dimension (M, g) with metric tensor g, E(M, F, π) be a fibre space with a typical fiber F , where
Let we consider symmetric 2-form G on E given by the formula
The metric G is weak degenerated, in spite of the metric g is nondegenerated. This means, that the metric G vanishes on vector fields belong to
Now we consider the preconnection ∇ * : X (E) × X (E) → Ω 1 (E) of the tensor G on E given by the Koszul formula (⋆).
Of course that the preconection ∇ * is ρ-consistent and ∇ * X Y (Z) = 0, if at least one of the vector fields X, Y, Z belongs to X 0 ρ (E). Let us consider Φ G : X (E) → Ω 1 (E) given by the formula
This means that the mapping Φ G is ρ-consistent. In addition we can see that
is an isomorphism.
Let E be a differential space of constant dimension. We define the LeviCivita connection on E
If the metric G is ρ-consistent, then the Levi-Civita connection ∇, the torsion tensor T and the curvature tensor R are ρ-consistent. 
Let the mapping R XY : X (E) → X (E) is given by formula R XY (Z) = R(Z, X, Y ). Then the Ricci tensor
is given by Ric(X, Y ) = trR XY Definition 3.1. The Einstein tensor on a space-time M is said to be 2-form
where r = trR is the scalar curvature, Λ is the cosmological constant, Ric is the Ricci tensor.
The postulate of Einstein is said to be the equation G = kT , where T is the momentum-energy tensor. The Einstein tensor is proportional to the tensor of energy for k = 8π.
The Einstein equation is said to be the equation
So we can write
Ric − 1 2 rg + Λg = 8πT. 
Because x 0 ∈ A, so from the above condition follows that points of any equivalent class belong to A. But the set A is ρ-consistent, then is the disjount sum of abstract class. Therefore A = E.
Next we shall consider a case when a set E 0 is a singleton, and the topology is Hausdorff,
Let p 0 has a direct contact with an equivalent class [x] . Then p 0 ∈ cl [x] . Then for any f ∈ C ρ we have 
Because A is a dense set, then Then for any vector field X ∈ X ρ (E) the next condition is satisfied ∀f ∈ (C ρ ) p 0 X(p 0 )(f ) = 0.
Let us assume that dim(E \ E 0 ) = r > 0. There exists a smooth vector field X ∈ X ρ (E) such that ∃p ∈ Re gE = E \ E 0 X(p) ̸ = 0 and X / ∈ X 0 ρ (E). Such the vector field exists because the space RegE has constant dimension. The vector field X may be, for example an element of the vector basis.
From this it follows that the projection X = (π ρ ) * X satisfies the condition X(p) ̸ = 0, where p = π ρ (p). We have X(p * ) = (π ρ ) * p 0 X(p 0 ) = (π ρ ) * p 0 0 = 0.
This means that every tangent vector field to the quotient space E \ ρ vanishes at the singular point p * .
